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function [L,U]l=prod(A,B)
up ) ;

U=A%*B;

down () ;

L=A%B;
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>> B=inv(A);
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p(A) = max{|\| € o(A)}
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5. |BA — I||oo £ k &E1 2B LR EIEMATLAB T

>> down() ;

>> L=B*A-eyn(n) ;

>> up();

>> U=B*A-eye (n) ;

>> U=max (abs (L) ,abs (U));
>> k=norm(U, inf) ;
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z,y] = TwoSum(a,b) =

II\\ I:I/\

a+b=x+vy

. floating point addition and subtraction
function |z, y]

= TwoSum(a, )

r=a®db:
C.:l.@(l
y=(as () d (bsc);

Computational cost: 6 flops
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z,y| = TwoProduct(a,b) = axb=z+y (|z|>|y|)

function |z, y| = TwoProduct(a,b)

r=a®b:

lap,ar] = Split(a); % ay +ap «—a

[bH, bL] — Spllt(b) % bH + bL — b

y=a, @b, ((reag ®by) ©ar, ®by) © ag @ by);
17 flops



Split

lag,ap] =Split(a) = a=ayg+ar (lag|>l|arl)

% : floating point multiplication
function [ay,ar] = Split(a)
c=factor®a;, % factor = olz1 11
ag = ¢S (¢S a);
ap =a S ay:

4 flops
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* [a,b]+[c,d|DETE
e [l,u]=IntervalSum([a,b],[c,d])

[p,q]=TwoSum|a,c];

if 9<0, |=pred(p), end;
[s,t]=TwoSum|[b,d];

if t>0, u=succ(s);
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Example: n =5, K = 4.
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A —  (u:= 2% in IEEE 754 double precision)

cond() “pi) = Z!pz (condition number of summation)

> pil
Denote by res € F' the result obtained by SumK, then

jres — ) pi
2 pil

— Basically, relative error bound is u + ¢, u” cond(>_ p;)

<u +3 In—1 + /271 2C0nd<zpi>'

— [ -fold working precision arithmetic
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Consider Az = b with A €¢ R™",b € R". Denote by 2° an
approximate solution obtained by LU decomposition (%7
flops).

Then, Dot2 is very useful for iterative refinement:

1. Calculate residual 7 ~ b — Az"* using Dot2
(O(n?) flops)

2. Solve Ay = r using LU factors (O(n?) flops)

3. Update 2Ft1 = 2% +
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Results without and with residual iteration (n = 1000)

[Z

1Tl

condition number cond(A) 10° 10° 1013
max. rel. err. z° 4.7e-12 2.8e-08 1.9e-04
max. rel. err. ¥ 1.8e-16 1.8e-16 1.8e-16
number of iterations & 3 3 5
ratio computing time 1.38 1.38 1.65

For larger dimensions, the ratio of additional cost de-

creases.
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FusedMultipleAdd&AddThree

s BUMRZEEILTEHM?
 [x,y]=TwoSum(a,b)
X=a+b;
y=AddThree(a,b,-x);

[p,q]=TwoProduct(s,t)
P=S+t;
q=FMA(s,t,-p);
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DMV | Data load/other overhead | + | fl-pt

QMV Data load/other overhead | + | floating-point arithmetic
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Relative Residual Norm

2= DULR B

BICGSTAB (Toeplitz matrix, n=10000, gamma=1.5)
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