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(1) ELPA (http://elpa.rzg.mpg.de/)
T. Auckenthaler, Parallel Comput. 37, 783 (2011)
A. Marek, J. Phys.: Condens. Matter 26, 213201 (2014)

[Al gorithm : n

(2) FEAST (http://www.ecs.umass.edu/~polizzi/feast/)
Architecture : E. Polizzi, Phys. Rev. B79, 115112 (2009)
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(*) Intel Xeon (SGI Altix @ISSP), 323J#5, ScaLAPACK



( Strategies of matrix solvers

! Krylov (iterative) solvers
* ‘projection’ strategy
- (mainly) sparce matrices

* basics of O(N) calculation)
ex. CG algorithm

\

) 4 ]
Direct solvers

- ‘transformation’ strategy
- (mainly) dense matrices

» O(N3) calculation

\.

r

‘projection’ on the Krylov subspace of

n . subspace dimension (iteration number)

n=3

£,

n=2
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! Krylov (iterative) solvers

* ‘projection’ strategy

- (mainly) sparce matrices

* basics of O(N) calculationj

ex. CG algorithm
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n . subspace dim

n =1 n=2

l - — [~

1) a7 B8R ZEE
—>EUERENT DERE
| ARIER BT S,
520 (2002). HXK:
Bl EA I RGER
1.15 A2 )t vk
1.16 7V a 735857 22 ik
1.17 BT & L2 Al ik
B2 JERIE TR
33 (T OEA ENE
HaAr  BEBCEM
HO BERED
\ HBOmE  HiT TR )

F B TRR(1973)1C &
7 A7 EREREDERE L,




(

Strategies of matrix solvers

\

! Krylov (iterative) solvers A (Direct solvers
‘projection’ strategy (
- (mainly) sparce matrices

* basics of O(N) calculation)

ex. CG algorithm for
— the n-th step solution

IS given b
ex. CG algorithm o 4

r

‘projection’ on the Krylov subspace of

n . subspace dimension (iteration number)

n=1 n=2 n=3
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( Strategies of matrix solvers

! Krylov (iterative) solvers
* ‘projection’ strategy
- (mainly) sparce matrices

* basics of O(N) calculation)

\

) 4 ]
Direct solvers

- ‘transformation’ strategy
- (mainly) dense matrices

» O(N3) calculation

\.

r

Example

‘transformation’ of the whole space

dense tri-diagonal diagonal
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examples

Hermitian
» general
» real symmetric
Non-Hermitian
* general

|

r

typical Krylov
solver for Ax=b

CG

BiCG

» complex symmetricT— COCG
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[1] Z. Bai, J. Demmel, J. Dongarra, A. Ruhe and H. van der Vorst, ed. |
“ Templates for the solution of Algebraic Eigenvalue Problems: _ by
A Practical Guide” . SIAM, Philadelphia (2000) ) o= w
( available online: http://web.cs.ucdavis.edu/~bai/ET/contents.html ) /5 =

[2] G. H. Golub, C. F. Van Loan,
"Matrix Computations"”, Johns Hopkins Univ.; 4.ed. (2012)

Jack Dongarra
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Workflow
iterative loop

v |

matrix . physical

[ generation} i [ matrix solver ] } quantities }
conventional

/ G. Eigen-Value egn. \ ,

(wave function ) physical

quantities

alter%

G. Shifted Linear egn.

/

( Propagation (Green'’s) fn.)
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Basic equations

.

r

Generalized eigen-value (GEV) equation

H, § : Hermitian, S: positive definite (S = /)

—

wavefunction
formulation

J

A .
( v k . . : ) : S
Generalized shifted linear (GSL) equations the propagation
(Green’s) function
( z:complex energy ) formulation
\./W\/:\./
non-Hermitian
—>
\ with : the Green’s function )




http://www.elses.jp
[ ELSES, our electronic-structure calculation code _]

Benchmark with upto 100M atoms( < Si: (1 26nm)3region)
( Hoshi et al.,JPCM24, 165502(2012) JPSJ 82, 023710 (2013); JPSCP. 1, 016004 (2014) )

aCP :amourphous-like conjugated polymer, poly-(9,9 dioctil-fluorene),
NCCS: sp2-sp3 nano composite carbon solid

4 N
(a) Order-N scaling (b) Parallel efficiency (strong scaling)
5 on the K computer ( ~all nodes)
10 3
10
8 aCP S (full—core caIc.)
(V) Q
< 10% 2 NCCS
E ()
3103 3
= S 100M at
L s (w/ a oms)
2 10!
101 05 100 107 108 104 10° 100
Number of atoms N Number of CPU cores P




http://www.elses.jp
[ ELSES, our electronic-structure calculation code _]

Benchmark with upto 100M atoms( < Si: (1 26nm)3region)
( Hoshi et al.,JPCM24, 165502(2012) JPSJ 82, 023710 (2013); JPSCP. 1, 016004 (2014) )

aPF _.amourphous-like coniugated polvmer, polv-(9.9 dioctil-fluorene),

| Methodology

* Oringinal linear-algebraic order-N algorithms
with generalized shifted linear equations

O
Q
g * Applicable both to metals and insulators
=| *Modelled (TB-type real-space) systems based on @b initio calc.,
2| +Options: * DFT-derived charge-self-consistent formulation
o * van-der-Waals correction

10 10

105 106 107 108 104 102 100
Number of atoms N Number of CPU cores P




Application studies with ELSES ] http://www.elses jp/

Acknowledgement (coworkers, data provision) :
S. Nishino (U Tokyo, Hulinks Inc.), T. Fujiwara (U Tokyo), S. Yamamoto(TEU),
H. Yamasaki(Toyota), Y. Zempo(Hosei U), M. Ishida(Sumitomo Chem. Co.)

Organic materials lonic liquid Li ion diffusion
(amourphous-like g
conjugated polymer)

»
sp2-sp3 nano-composite carbon solid Nishino et al. PRB90
(" A - ;
vom 024303, (2014)
helical gold nanowire _Si brittle fracture

’
L=12nm




[ Nano-polycrystalline diamond (NPD)

—» novel ultra-hard material
T. Irifune, et al. , Nature 421, 599 (2003) (@ Ehime Univ. )
— harder than conventional diamond crystals

-
100-nm-scale structure

—

macroscale
sample

industrial product (2012)
(Sumitomo Electric
Industries )




Hoshi et al, JPSJ 82,023710 (2013).
[ Visualization analysis in sp2-sp3 nano-composite carbon solids ]

Research on nano-polycrystalline diamond
— nano-composite carbon with local Green’s function analysis (r COHP) theory
— distinction between sp2 and sp3 domains

with characteristic domain shape and domain boundaries

(a) Visualization (b) Visualization
for spZ2 and sp3 domains only for spZ2 domains

sp2-sp3 domain
boundary {




[ Recent results on organic materials ]

T. Hoshi, et al., J. Phys.: CM 24, 165502 (2012); JPS-CP. 1, 016004, (2014); unpublished
[ Acknowledgement : M. Ishida (Sumitomo Chemical Co.) ]

i conjugated polymer (CP) )

PFO
(R=CgH17)

{{}\i PPV

finite temperature calculation

— non-ideal structure with localized 77 states
( cf. J. Terao, Nature Comm, 4., 1691 (2013) )

amourphous-like PFO
with thermal motion

N

(preliminary) PPV bundle
(L=40nm)

4

HOMO wfn of the PFO single chain (n=10)

with thermal motion

.
D) TI=E

ML 7tn=7 2%
(BREEE)

~

for rm-stacking domains

close-up ¢

| |
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[ Studies on novel linear algebraic algorithms

Collaboration with applied mathematics researchers:
T. Sogabe (Aichi Pref. U), S.-L. Zhang, T. Miyata (Nagoya U)

i Studies for (generalized) shifted linear equations:

@Use of the collinear residual theorem; (non-l-llermltlan i
R. Takayama, et al., Phys. Rev. B 73, 165108 (2006) complex symmetric)
— Theoretical extensions:
T. Sogabe, et al, ETNA 31, 126 (2008)
H.Teng, et al, Phys. Rev. B 83, 165103 (2011)
T. Sogabe, et al, J. Comp. Phys. 231, 5669 (2012) ]

[2] Krylov subspace theory with exact physical conservation law;
T. Hoshi, et al, J. Phys.: Condens. Matter 24, 165502 (2012)

-

.
Studies for generalized eigen-value problem:

[3] Use of Sylvester’s theorem of inertia;
D. Lee, et al, Japan J. Indust. Appl. Math. 30, 625 (2013)




Shift invariance of Krylov subspace




R. Takayama, et al. , Phys. Rev. B 73, 165108 (2006)
[ Shifted conjugate-orthogonal conjugate gradient (sCOCG) method J

Shifted linear equations: ( )
( h
Collinear residual theorem A. Frommer, Computing 70, 87 (2003)
— One can construct the Krylov subspace method with the following property
g N ( A

Collinear residual theorem

: solution vector at the n-th iterate .. :
( between origina and shifted eqgns. )

Residual vector at the 'seed’ eq. (0 =0)
(-0) (1) ©)
Residual vector at the “shifted’ eq. (o # 0)

(—0) @

k J 2

: scalar




R. Takayama, et al. , Phys. Rev. B 73, 165108 (2006)

[ Shifted conjugate-orthogonal conjugate gradient (sCOCG) method J

Shifted linear equations: (

)

-
Collinear residual theorem
— One can construct the Krylov subspace method with the following property

A. Frommer, Computing 70, 87 (2003)

( N [ . .
: solution vector at the n-th iterate Collinear residual theorem

Residual vector at the 'seed’ eq. (0 =0)
(—0) (1)
Residual vector at the “shifted’ eq. (o # 0)

: scalar

3)

(—0) @

Eq.(2) is replaced by Eq.(3)

by the scalor-vector multiplication
— Drastic reduction of operation cost

— The matrix-vector multiplication is replaced

\

( between origina and shifted eqgns. )

\




 Shifted COCG method

[ 'seed’ eq. :

|

wozmgzp_lzp_

0
6_1 — 0,04_1 =1

<

0'1:0
9
- ) - -

mo=7"1y=1,790 = b,

dO n = O’ 17 “e
Dn =Ty + 6n—1pn—1
’rg’rn
oy, =
P, Apn

Lpt+1 = L + nPn

()
2)
3)

ny1 =T — anApn
6 o Tg+17°n+1
S Y
enddo

4
5)

R. Takayama, et al., Phys. Rev. B 73, 165108 (2006)

Collinear residual theorem
-

(a)

(b)

~

—

N

'shifted’ eq. :

nﬁn 1

Op—1

= (1 4+ ano)my + (7 = 71

nl—(ﬂ- 1) 6711
e

O'

n
n+1

o 1 o o
p, = ;’I"n + 6n—1pn—1

n

o O O g0
wn—l—l - :Bn + ann

(6)

(7)

(8)

©)

(10)




R. Takayama, et al., Phys. Rev. B 73, 165108 (2006)

 Shifted COCG method

Collinear residual theorem
-

N
(a)
['seed‘ eq. ]
7T():7T31:1,’I"0:b, (b)
G1=0,a1=1 \ J
dO n = O’ 17 .. _ —
'shifted' eq. :
nﬁn 1 o o -
(1 + OénO')T(' + ( Ty — 71-n—l) (6)

Op—1

1
n 1 — ( 7'(' ) 671 1 (7)
Tyl =T, — oA )
n+l1 = Tn — Op APy 4) (8)
/6 _ Tg+17°n+1 (5) n+1
"oy, Pl = —{ra}t BP0 9)

Ty = Ty + P, (10)




[ stgmErEERL LY T MY O TR TR A |

[11 A. Frommer, Computing 70, 87 (2003) ([R5&X) — QCD
[2] R. Takayama, T. Hoshi, T. Sogabe, S.-L. Zhang, and T. Fujiwara,
Phys. Rev. B 73, 165108 (2006). = AR E FIRREF B (AHZT)
[3] S. Yamamoto, T. Fujiwara, and Y. Hatsugai, Phys. Rev.B 76, 165114 (2007);
S. Yamamoto, T. Sogabe, T. Hoshi, S.-L. Zhang and T. Fujiwara,
J. Phys. Soc. Jpn., 77,114713 (2008).
— ZRE [full-CIAREHR, ZPEHLGR/ N \—RET ), Lag/pSr1/oNiOg]
— Lanczos (BEIRRE) + > 7 b71)O7 (excitation spectrum)
4] BRIV FEE—RERTFESGHEEH T (RSPACE)
INEF B (UK KR) - &3 (T K) E D H EIRFE GRS ZE s )
[5] T. Mizusaki, K Kaneko, M. Honma, T. Sakurai, Phys. Rev.C 82, 024310 (2010)
— Shell model &
[6] Y. Futamura, H. Tadano and T. Sakurai, JSIAM Letters 2, 127 (2010).

— RZE T )y FEIE—[REETHE(RSDFT)
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( Strategies of matrix solvers

! Krylov (iterative) solvers
* ‘projection’ strategy
- (mainly) sparce matrices

* basics of O(N) calculation)

\

) 4 ]
Direct solvers

- ‘transformation’ strategy
- (mainly) dense matrices

» O(N3) calculation

\.

r

Example

‘transformation’ of the whole space

dense tri-diagonal diagonal

—>




[ Optimally hybrid solver, as a ‘numerical middle ware’ ]
Ex. Direct solver for generalized eigen-value problem
(The midlleware code will appear online) ( H. Imachi, T. Hoshi, in prep. )
— Hybrid among three direct solver libraries with (1) ScaLAPACK, (2) ELPA, and
(3) EigenExa (RIKEN-AICS, Imamura)http://www.aics.riken.jp/labs/lpnctrt/
[ Acknowledgement: T. Imamura and T. Fukaya (RIKEN-AICS) ]

Concept Strong scaling (on K) with M= 430,000 by upto 104 nodes

4 )

[ Simulators j

Optimally hybrid solver
(numerical middle ware)

1 A
T (Scalapack) T Ei
(Eigen Exa) E_g:

® va
( othersolvers }-- (best here)

. J

J191Se] X €1




[ Optimally hybrid solver, as a ‘numerical middle ware’

Workflow of hybrid solver (H. Imachi and T. Hoshi, in prep.)
= standard e|genvalue problem (SEP) solver + ‘Reducer’

2

A B

I (from appllcatlons)

< original generalized
eigenvalue problem (GEP)

ScalLAPACK ELPA style EigenExa style [ ‘Reducer’ ]
ex. Cholesky
Y decomposiiton
! :
A ; < reduced standard

eigenvalue problem (SEP)

SCLA EIGS EIGX ELPA1 || ELPA2
(ScaLAPACK) | | (EigenExa) | | (EigenExa) || (ELPA) || (ELPA) [SEP Solver]

--------------------------




[ Optimally hybrid solver, as a ‘numerical middle ware’

Workflow of hybrid solver ( H. Imachi and T. Hoshi, in prep. )
= standard eigenvalue problem (SEP) solver + ‘Reducer’

( . \

ScaLAPACK ELPA style EigenExa style

SCLA EIGS EIGX ELPA1 || ELPA2
(ScaLAPACK) | | (EigenExa) | | (EigenExa) || (ELPA) || (ELPA)

yk(optional)
\ AL DA ) # nodes




[ Optimally hybrid solver, as a ‘numerical middle ware’ ]
Ex. Direct solver for generalized eigen-value problem
(The midlleware code will appear online) (H. Imachi, T. Hoshi, submitted )
— Hybrid among three direct solver libraries with (1) ScaLAPACK, (2) ELPA, and

(3) EigenExa (RIKEN-AICS, Imamura)http://www.aics.riken.jp/labs/lpnctrt/
[ Acknowledgement: T. Imamura and T. Fukaya (RIKEN-AICS) ]

Concept [ A
’ . ) | mesEEEEYILAN— (SRILYTP)DRS
[ Simulators j —>ES(LEBEDOESL "
1 R

[ Optimally hybrid solver j Y7707 (SHDER)
(numerical middle ware) 70y ACK (LAEE(BEX))
N (Talk at ISC-QSD2014, Tokyo. Dec. 2014)
' iterative local ‘transformation’ strategy
T (Scalapack) T I;’., scalable at M=10% with 104 nodes
ELPA (ElgenExa) :%

(" other solvers ) --
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